Abstract. We describe the cohomology ring H * (J 2 ; F 3 ) both as subring of H * (3 1+2 + ; F 3 ) and with an abstract presentation. We also give its Poincaré series. We use as tool a spectral sequence for the strongly closed 3-subgroup of J 2 . This method might be used to compute the cohomology of any finite simple group with a strongly closed p-subgroup. MSC2010: 55T10, 55R35, 20J06, 20D20.
Introduction
The computation of the cohomology of the sporadic finite simple groups is an intrinsically interesting subject in which only partial answers are yet known. By far, the most complete knowledge is at the prime 2, see for instance [1] and [2] , where the authors tackle this problem using homotopy theory methods. Even with coefficients in F 2 not all the cohomology rings of the sporadic groups are fully understood. For p odd and when the Sylow p-subgroup is the extraspecial group p 1+2 + of order p 3 and exponent p, the description of the full cohomology ring has been circumvented, see [16] and [17] . In general, due to the complexity of the problem, computer calculations are in some cases the only or most complete source of information, see [11] for instance.
In this work, we present a method that involves the stable elements theorem [5] together with the spectral sequence [6] . The approach is classical but the novelty is that this spectral sequence applies on the weak hypothesis of the existence of a strongly closed p-subgroup. Hence, this procedure can be utilized to compute the cohomology ring of any finite simple group which possesses a strongly closed p-subgroup. There is a classification of such finite simple groups [8] .
For the particular case of the Hall-Janko group or second Janko group J 2 , the ring H * (J 2 ; F 2 ) was studied in [4] with the partial aid of computer calculations. At the prime 3, a Sylow 3-subgroup S of J 2 is isomorphic to 3 1+2 + and H * (J 2 ; F 3 ) has been determined by computer [9] , [10] . Using our alternative method we give here a computer-free description of the cohomology ring H * (J 2 ; F 3 ) both as a subring of H * (3 1+2 + ; F 3 ) and with an abstract presentation. Recall that in the finite simple group J 2 of order 604,800, the center Z(S) ∼ = C 3 is a strongly closed 3-subgroup of S. Moreover, as the normalizer of S controls fusion [15, Remark 1.4] , the spectral sequence of [6] amounts to the following: Firstly, set Proof. By Corollay 4 or by an Evens' norm map argument [7] , the element t 3 is a permanent cycle and hence it survives to E ∞ = E 6 . given by
for n = 2q and m = 0 mod 6 and by
2 y 2 for n = 2q + 1 and m = 0, 1, 2 mod 6 is an isomorphism of vector spaces over F 3 .
Proof. This follows from Corollay 4 by inspection.
Invariant elements in E 6
In this section we compute C 8 -invariants. Recall first that the outer automorphism group of S ∼ = 3 . The induced isomorphism in cohomology E 2 → E 2 is given by
and by u → −u, t → −t. We denote by α * , * : E * , *
6 → E * , * 6 the map induced in the sixth page. The following lemma shows that both Ψ 2 (Lemma 5) and Φ 2 (Lemma 6) commute with α. Hence, the computation of the C 8 -invariants of E 6 is reduced to the computation of C 8 -invariants in {E n,m 6 } 0≤n≤8, 0≤m≤11 .
Lemma. With the notations above we have:
(i) For each n ≥ 0 and m ≥ 0 the following square commutes:
(ii) For each n ≥ 5 and m ≥ 0 the following square commutes:
For part (ii) the situation is more involved. By induction and using the relations in (v) and (vi) of Lemma 3 one can show that the following formula hold in E 2q,0 6 for q ≥ 2:
if q is odd.
From this, it is a direct computation to show that the equation (Φ
) holds for each generator b of the basis B described in points (v) and (vi) of Corollary 4. For instance, for q even and the element x q 1 we have: where
. From this table and Lemma 7, the Poincaré series P (t) of J 2 is as follows:
from where we obtain
Ring structure
In this section we give a description of the ring H 
subject to the following relations:
To study the ring of invariants H * (3
we need the action of the generator of C 8 on the generators described in the previous theorem. This action is 
for i = 0, . . . , n.
Now, as proven in [6] , for the spectral sequence E C8 * converging to H * (J 2 ; F 3 ), we have a filtration of H n (J 2 ; F 3 ) given by taking invariants in the previous filtration,
, and this filtration satisfies 
To find generators for H * (J 2 ; F 3 ) it is enough to find generators of E C8 6 and then lift them. A set of generators for E C8 6 is given by (see Table 1 3, 6 , w 4,6 , w 2,9 , as they are multiples of t 3 , an appropriate guess is that their lifts are of the form zc, where c is mapped to −c under the action and c has total degree 3, 4 or 5. To sum up, we need to solve some linear algebra problems in H n (3 1+2 + ; F 3 ) with n ∈ {3, 4, 5}. Basis for these vector spaces are described in [12 Proof. It is a straightforward computation using the action of C 8 (Equation 11) and the presentation of H * (3 1+2 + ; F 3 ) (Theorem 10) that the elements in the statement are indeed invariant under this action. For instance, for g = −z(xX − x ′ X ′ + Y X ′ ), its image under the action is
Now, using Equation 12 we obtain:
or, with the notations of Lemma 8,
To prove that a, b, c, d, e, f, g, h generate H * (J 2 ; F 3 ) we show that the subalgebra a, b, c, d, e, f, g generates the full bigraded algebra E C8 6 . As h = t 6 , multiplication in E
C8
6 by h gives exactly the vertical periodicity Ψ 2 of (a) in Lemma 7. So we just need to show that the rows from 0 to 11 are generated by the overlines of elements in a, b, c, d, e, f, g . The rest of the elements in the table of Lemma 8 are generated as follows:
−ac = w 7,0 , c 2 = w 8,0 , bc = uw 7,1 , dc = tw 7,1 , ec = t 3 w 7,1 , f c = w 8, 6 , ga = ut 3 w 7,0 , −gc = t 4 w 7,0 .
Now, the following computation shows that the horizontal periodicity Φ 2 of (b) of Lemma 7 is realized by multiplication by c at the ring level:
for i ≥ 1 and the following for i ≥ 2:
This finishes the proof.
14. Remark. The action of the Steenrod algebra A 3 on H * (J 2 ; F 3 ) can be easily deduced from its action on H * (3 1+2 + ; F 3 ), which was described by Leary in [13] .
The previous theorem shows that the corner of the bigraded algebra E C8 6 is generated by the following overlined elements (cf. 
Proof. By Theorem 13 we know that there is a surjective homomorphism from the free graded-commutative algebra R on generators a, b, c, d, e, f, g, h of the stated degrees to H * (J 2 ; F 3 ). Each generator of R is mapped to the generator with the same name in H * (J 2 ; F 3 ). To compute the kernel of this homomorphism we start looking at relations in E C8 6 among the elements a, b, c, d, e, f , g, h. Then we lift these relations back to H * (J 2 ; F 3 ). To decide whether we have considered enough relations we use Poincaré series. We find that the highest order relation occurs in total degree 21.
Recall from the proof of Theorem 13 that
, e = w 3,6 , f = w 4,6 , g = w 2,9 .
Now, from Table 1 , where we show the corner {E n,m 6 C8 } n,m=0,...,21 , we find that the following 16 products are 0:
ab, b 2 , ad, bd, ae, be, af , ag, ed, bg, cg, dg, hca, eg, hc 2 , f g.
All these products are zero since they have bidegree (n, m) with E n,m 6
C8 , which is isomorphic
C8 too and hence it may be written using elements from the latter. This gives rise to a relation. For instance, for ad = 0 ∈ E
5,3 6
C8 , and using the fact that E 6,2 6
we deduce that ad = αbc + βc 2 holds in H * (J 2 ; F 3 ) for some α and β in F 3 . In this case, the equation is satisfied for α = −1 and β = 0:
The same analysis for the products af , ag, ed, cg, hca, eg, hc 2 , f g produce the following relations respectively:
For the remaining products ab, b 2 , bd, ae, be, bg, dg we obtain ab = b 2 = bd = ae = be = bg = dg = 0. For example,
Therefore, we get the following relations:
ab, b 2 , bc + ad, bd, ae, be, f a + ce, bf − ag, ed − ag, bg, f d + cg, dg, ef + cha, eg − had, f 2 − c 2 h, f g + chd.
Set I to be the ideal of R generated by these relations and set H = R/I. We show that H ∼ = H * (J 2 ; F 3 ). The subalgebra of H generated by c and h is the polynomial algebra on a generator of degree 4 and a generator of degree 12, and its Poincaré series coincides with that of J 2 (9). It follows that H ∼ = H * (J 2 ; F 3 ).
17.
Remark. As noted in the introduction, a presentation of H * (J 2 ; F 3 ) was already obtained by computer [9] . There the generators are denoted by 
